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We study the action of the lattice monopoles in quenched SU(2) QCD in the Maximal Abelian projection. 
We relate the lattice action of the monopole currents to the monopole degrees of freedom of the continuum dual 
superconductor model and obtain the value of the monopole condensate. 



The key feature of the dual superconductor 
mechanism of the color confinement in non- 
Abelian gauge theories is the Abelian monopole 
condensation (for a revie-w, see, e.g., Ref. 
The monopole condensate is formed in the lo-w 
temperature (confinement) phase and it disap- 
pears in the high temperature (deconfinement) 
phase [3]. The monopoles provide a dominant 
contribution to the tension of the fundamental 
chromoelectric string 0]. 

There -were various attempts to determine the 
lagrangian of the dual superconductor and the 
values of its couphngs |5I6I7I8I9| . In these ap- 
proaches the solutions of the classical equations 
of motion of the dual model -were related to the 
quantum observables in the SU(2) gauge theory. 
Our aim is to determine the lagrangian of the dual 
model in a quantum -way. 

To this end we compare the lattice monopole 
model (obtained numerically) -with the contin- 
uum dual superconductor model using the analyt- 
ical approach of blocking of the continuum vari- 
ables to the lattice ^Hl- This kind of the block- 
ing is ideologically similar to the lattice blockspin 
transformation of the monopole action introduced 
in Ref. TT. The obtained action of the lattice 
monopole model depends on the parameters of 
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the continuum model. Thus, the comparison of 
the analytical and numerical results allo-ws us to 
fix the parameters of the continuum model. In 
this paper -we determine the monopole conden- 
sate in the quenched SU(2) QCD in the Maximal 
Abelian (MA) gauge. 

In order to construct the lattice monopole ac- 
tion -we start from the continuum dual Ginzburg- 
Landau (DGL): 



Z = 
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■where F^^ — d^B^—d^B^ is the field stress tensor 
of the dual gauge field B^, and Sint{k) is the ac- 
tion of the closed monopole currents fc^. The in- 
tegration is carried out over the dual gauge fields 
and over all possible monopole trajectories. 
The integration over the monopoles gives [S]: 



Jv<i> J VB expj-^ d'^ 
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■where $ is the complex monopole field. The 
self-interactions of the monopole trajectories de- 
scribed by the action Sint in Eq. Q lead to the 
self-interaction of the monopole field described 
by the potential term V{^) in Eq. (0). 

Next, ■we embed the hypercubic lattice ■with the 
spacing b into the continuum space. The 3Z) cube 
Cs,^ is defined by relations {b{si, — 1/2) < x,y < 
b[su + 1/2) for all v ^ ^ and a;^ = 6s^. Here is 
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the dimensionless lattice coordinate of the cube 
C's,^ and is the continuum coordinate. 

The magnetic charge Kc inside the lattice cube 
Cs.f_i is equal to the total charge of the continuum 
monopoles, k, passing through the cube. Geo- 
metrically, Kq is given by the linking number 
between the cube and the monopole trajectory: 



^ Jk Js 



Here E — dC is the boundary of the cube C. 

To rewrite the dual superconductor model (O 
in terms of the lattice currents Kc we insert 
the unity, 1 = Y.Kc^z Dc'^l^c - HdC,k)) 
into the partition function iQJ. Representing 
this unity as a functional integral over the vari- 
able 9c and substitute the result into Eq. Q|. 
Integrating over the currents we get Z — 
Y.Kc£z:^^^{-^^rion{K)}, whcrc 



ice^v[^~S{e)+i{e,K)Y (3) 
The action of the lattice fields is expressed as 
WB expj-y d 
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An exact integration over the monopole and 
dual gauge gluon fields in Eq. |0J is impossi- 
ble. However, in this work we are interested in 
the large-6 limit in which the monopole action is 
dominated by quadratic interactions ,15..12j : 

Smon{K) giS^{k) , (5) 

where Si ^ k^{s)kfj_i(s') and gi are the monopole 
couplings. This type of action can be described 
by one dual gluon exchange. Therefore we dis- 
regard the fluctuations of the monopole field $, 
which lead to the higher-point interactions in the 
effective monopole action [T^ . 

In the limit 6 ^ oo the leading contribution to 
the monopole action Q is 
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where Va {s±) is the three-dimensional Lapla- 
cian acting in a timeslice perpendicular to the 
direction a, F is the incomplete gamma function 
and tuv is an ultraviolet cutoff. 

Next we numerically determine the monopole 
action in the quenched SU(2) QCD. We simu- 
late the quenched SU(2) gluodynamics with the 
Wilson action, S{U) = -f EpTr[/p. We fix 
the MA gauge to extract the Abelian gauge 
field 9^{s) with the help the projection of the 
SU(2) link fields [/^(s) to the Abelian gauge 
fields, 0^{s) = arg[/ii(s). The Abelian field 
strength is decomposed into two parts, 9^^{s) = 
9fuy{s) + 2T:m^^{s). The elementary monopole 
currents are determined in a standard way |13j . 
k,{s) = \f-fj.upijdympcr{s + jx), where d is the for- 
ward lattice derivative. 

To study the monopole charges at various 
physical scales we use the blockspin transformed 
monopole currents |14j . 
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Applying an inverse Monte-Carlo method |12I15| 
to the monopole configurations we get the effec- 
tive monopole action. In our simulations we have 
used 200 configurations on 48* lattice. The MA 
gauge was fixed with the help of the standard it- 
erative procedure. 

Note that the shift of the quadratic operator 
S S + add' (with arbitrary a) does not change 
the monopole action due to the closeness of the 
monopole currents. Thus only the transverse part 
of the operator S has a sense. We evaluate this 
part calculating the monopole action on a set of 
closed trajectories, K^^\ 
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where \K^'^^ is the length of the trajectory if'^'^ 
and di are certain numbers depending on the lat- 
tice size. We consider six types of the trajectories 
if shown in Figure 
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Figure 1. The lattice currents used to determine 
the transverse elements fi of the monopole action. 
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0.521(25) 


/i 


0.577(41) 




0.565(34) 


h 


0.544(32) 


h 


0.554(28) 


h 


0.591(38) 


average: rj = 


0.552(13) 





Table 1 

The monopole condensate r\ from the fits. 

We used n = 6 extended monopoles to fit of 
the transverse couplings by functions The 
fits are shown in Figure El and the best fit values 
of the condensate obtained from the independent 
fits of couplings ji are presented in Tabled These 
values coincide with each other indicating self- 
consistency of our approach. 

Averaging of the results of the six indepen- 
dent fits and taking into account systematic er- 
rors we get the value of the monopole condensate, 
T] — 243(40) MeV. This result is in a quantitative 
agreement with the value |E|, r; = 194(19) MeV, 
obtained by a completely different method. We 
conclude that the blocking from continuum is a 
powerful tool to get the couplings of the DGL 
model. We are going to get other parameters of 
the dual model by this method in future |16| . 
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Figure 2. The fits of the monopole couplings. 
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